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Abstract
This research investigates the feasibility of desalination of brackish water with
electrodialysis (ED), using laboratory testing and mathematical modeling. Several experiments
were performed to characterize ion-specific transport and to evaluate tradeoffs between salinity
removal and specific energy consumption. A 200 cm2 Ameridia ED stack was used to perform
desalination experiments with real brackish groundwater from the Kay Bailey Hutchison
desalination plant in El Paso, Texas, and the results showed limiting current density of 160 A/m2
for 5 cm/s. A higher conductivity reduction was observed for flow velocity of 5 cm/s compared to
13 cm/s. Ion transport selectivity (based on relative removal ratio) decreased in the order of Ca2+,
Cl-, Na+, and SO42-. The electrical conductivity of multi-component aqueous solutions was
modeled based on ionic composition and ion pair complexes. Several experiments were performed
to calibrate the model and compare it with conductivity and cation transport number data cited in
the literature. The developed model is capable of estimating the electrical conductivity and ionic
transport numbers of aqueous solutions up to 100 mS/cm at 25°C with a root mean square error of
0.305 mS/cm, a relative root mean square error of 9.7%, and R-squared value of 0.997. A
mathematical model for steady-state ED operation was developed based on Nernst-Planck ionic
transport and other theoretical principals to simulate the hydraulic, chemical, and electrical
performance of the system. The model accurately predicted the removal of sodium and chloride
(R-squared of more than 0.96); however, the model significantly underpredicted calcium
separation and overpredicted sulfate separation. The model predicted the SEC of low and high
velocities precisely predicted with RRMSE of 8% and 18%, respectively. Future work should
incorporate membrane selectivity into the transport modeling.
Keywords: Electrodialysis, Desalination, Mathematical Modeling
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Chapter 1. Steady-State Electrodialysis Experiments
1.1 Introduction
1.1.1 Background
The surface of Earth is covered with more than two times water than land, while less than
one percent is considered freshwater [1]. Increasing population has led to an urgent need of using
seawater and brackish water as alternatives to conventional drinking water supply [2]. Desalination
technologies are a growing source of drinking water, and reverse osmosis (RO) has the highest
desalination market share (60%-90%, depending on location) [3]. Other desalination technologies
such as electrodialysis have different advantages and disadvantages, and in some cases can be
more cost effective than RO.
Electrodialysis (ED) is a desalination technology that uses ion-selective (ion exchange)
membranes and is driven by electricity to remove the charged ions from water. Like RO, ED has
a much lower specific energy consumption than thermal desalination processes. ED can typically
achieve greater hydraulic recovery than RO (especially when silica is the main limiting factor for
RO recovery), is more tolerant of suspended solids in the feedwater than RO, and can employ
continuous chlorination for biofouling control (which is not possible with conventional RO
membranes). The very first industrial use of ED was implemented by Ionics in the mid-1950s,
almost half a century after introducing ED concept by Maigrot and Sabates [4], [5]. Later, Ionics
was purchased by GE, which recently sold the water division to Suez. In contrast to the RO market,
which benefited from strong competition and standardization, technological innovation in the ED
market has been slow, and the technology is not as mature as RO, which leaves significant
opportunities for advancement. Figure 1.1 shows a schematic of ED process.
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Cathode
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Cation Exchange
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Concentrate

Feed Water

Permeate

Power
Supply

Anion Exchange
membrane (AEM)
Concentrate

Anolyte
Anode

Figure 1.1: ED process schematic (adapted from [3])
This chapter discusses the feasibility of desalinating brackish water and RO rejection
concentrate, using a laboratory-scale electrodialysis stack commercially manufactured ED system
by Ameridia. Ameridia’s system is a high-performance (higher recovery and lower energy) ED.
This stack benefits from thinner membranes and spacers than Ionics/GE/Suez’s ED stacks, which
can decrease the overall energy consumption.

1.1.1.1 Goals and objectives
The overall goal of this research is to improve drinking water accessibility by improving
desalination technology performance. The objectives of this research were to operate an ED
system on real brackish and concentrate feedwater from the Kay Bailey Hutchison (KBH)
desalination plant in El Paso, TX to characterize ion-specific transport and evaluate tradeoffs
between salinity removal and specific energy consumption. Ultimately, the results of this chapter
will be used for comparison with ED performance modeling in Chapter 3.

1.2 Methodology
The Kay Bailey Hutchison (KBH) Desalination Plant has a capacity of producing
27.5 million gallons per day of drinking water from brackish water and is located east of the El
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Paso International Airport (El Paso, TX). At the time of testing (June 2020), the KBH brackish
groundwater source had an electrical conductivity of 5.1 mS/cm. The major ionic composition of
the solution is listed in Table 1.1.
Table 1.1: Concentrations of major ions for KBH brackish feed water (June 2020)
Ca2+
(mg/L)

K+
(mg/L)

Mg2+
(mg/L)

Na+
(mg/L)

Cl(mg/L)

131

17.2

28.2

844

1399

FSO42(mg/L) (mg/L)
1.0

419

NO3(mg/L)
N.D.1

Alkalinity
(mg/L as
CaCO3)
80.6

___________________________________________
1

Not Detected

1.2.1 Experimental design summary
The performance of ED depends on operational parameters such as feed water
conductivity, residence time, velocity, applied voltage, and current. A set of experiments was
designed to study the effects of changes in feed velocity and stack voltage with respect to product
water quality.
The experiments were performed at discrete values of applied stack voltage (ranging from
0.2 V/cell-pair to 2.0 V/cell-pair), two superficial velocities (5 cm/s and 13 cm/s), and feed water
from KBH brackish groundwater with conductivity of 5.1 mS/cm.

1.2.2 Experimental system
The product and concentrate streams flow separately from 2-gal containers through the
system. Electrode rinse was made from 99.9% pure sodium sulfate to make a 25 mS/cm solution.
A BK Precision 9151 programmable DC power supply (< 20 V, < 27 A) was used as the power
supply unit to apply voltage and current to the system. Two calibrated Thermo Scientific™ Orion
Star ™ A329 meter with conductivity probes (013005MD) were used to measure conductivities
for diluate and concentrate streams. The samples were analyzed with Thermo Scientific™ ion
3

chromatography (IC) simultaneous system (Dionex™ Aquion™ to analyze cations and Dionex™
Integrion™ HPIC™ system for analyzing anions).
The Ameridia stack (EUR2B-10) used in the experiments, which is made of stainless steel
(SS) press plate (304), with electrode chamber and grid made of polyvinyl chloride (PVC). The
anode and cathode electrodes are both dimensionally stable electrodes (DSE®). The stack consists
of 10 Anion Exchange Membranes (AEM), and 11 Cation Exchange Membranes (CEM). The
homogeneous membranes of ACS and CIMS produced by NEOSEPTA®-Astom Corporation were
used as AEM and CEM, respectively [6]. The active surface area of membranes is 2 dm2. The wet
thickness of ACS and CMX are 130 µm and 175 µm [7], respectively. The wet exchange capacity
of ACS and CMX are 2.0 meq/g [8] and 1.65 meq/g [9], respectively. The apparent counterion
transport numbers for ACS and CMX are 0.98 [10], and 0.965 [11], respectively. The resistance
of ACS and CMX for a 0.5 M NaCl solution is 3.8 Ω cm2 [12] and 3.3 Ω cm2 [12], respectively.
The operation temperature for these membranes should be less than 45 °C (123 °F), while avoiding
exposure too oxidizing agents (e.g., hypochlorite), and organic solvents (e.g., benzene and
toluene). The gaskets are made from ethylene propylene diene monomer (EPDM), and spacer mesh
and

distributors

are

made

from

polypropylene

(PP)

with

spacer

dimensions

of

11.4 cm×17.5 cm×0.08 cm. The volume and area porosity of spacer is 0.78 and 0.39, respectively.
Figure 1.2 illustrates schematic diagram of Ameridia ED stack.
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Figure 1.2: Ameridia ED stack schematic (adapted from Ameridia EUR2B-10 instruction
manual)
To desalinate water with the stack, it is recommended to set the product flow rate, and the
pressure in concentrate stream matches to the pressure in product stream. Three separate pumps
were used to circulate solutions for each stream of product, concentrate and electrolyte (anolyte
and catholyte).
Several tests were performed to characterize electrical operational limitations of the
system. These tests included electrode voltage loss and limiting current density (LCD) for different
flowrates, as explained below.

1.2.2.1 Electrode Voltage loss
The applied voltage to the stacks is not entirely being used for electrodialysis due to
thermodynamic and kinetic voltage losses that occur at the electrodes. In other words, the net
voltage that the membrane stack receives is equal to the difference of applied voltage and voltage
loss at the electrodes. The voltage loss at the electrodes 𝛥Ø𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑑𝑒𝑠 can be approximated as [13]:
Equation 1.1

𝛥Ø𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑑𝑒𝑠 = 𝛥Ø𝑒𝑞𝑢 + 𝛥Ø𝑘𝑖𝑛 + 𝛥Ø𝑟𝑖𝑛𝑠𝑒
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where 𝛥Ø𝑒𝑞𝑢 is the voltage drop to maintain oxygen and hydrogen gas production equilibrium at
anode and cathode, respectively, 𝛥Ø𝑘𝑖𝑛 is the kinetic electrical overpotential due to gas production
at the electrodes, and 𝛥Ø𝑟𝑖𝑛𝑠𝑒 is the restive voltage loss corresponding to the electrode rinse
solution.
The stacks are operating as an electric cell that redox reactions occur at the surface of
cathode and anode by an external power source. Oxidation of water to oxygen occurs at the anode,
which produces oxygen gas, protons, and electrons, as shown in Equation 1.2.
Equation 1.2

2𝐻2 𝑂 ⇔ 𝑂2 + 4𝐻 + + 4𝑒 −

where the standard reduction protentional (E0) of this reaction is equal to 1.229 V vs. Normal
Hydrogen Electron (NHE). The reduction potential of the anode (Eanode) at non-standard conditions
is calculated by:
Equation 1.3

𝐸𝑎𝑛𝑜𝑑𝑒 = 𝐸 0 −

𝑅𝑔 𝑇
4𝐹

𝑙𝑛 (𝑝

{𝐻2 𝑂}2
−4𝑝𝐻
𝑂2 10

)

𝐽

where 𝑅𝑔 is the gas constant (8.314 𝑚𝑜𝑙∙𝐾), T is the temperature in kelvin (K), F is Faraday constant
(96485.3

𝐶
𝑚𝑜𝑙

), {𝐻2 𝑂} is the activity of water, pH is the negative logarithm of the activity of

hydronium, and 𝑝𝑂2 is the partial pressure of oxygen gas at the anode.
The reduction of water to hydrogen gas occurs at the cathode:
Equation 1.4

2𝐻2 𝑂 + 2𝑒 − ⇔ 𝐻2 + 2𝑂𝐻 −

where the standard reduction protentional (E0) of this reaction is equal to -0.828 V vs. Normal
Hydrogen Electron (NHE). The reduction potential of cathode (Ecathode) is calculated by:
Equation 1.5

𝐸𝑐𝑎𝑡ℎ𝑜𝑑𝑒 = 𝐸 0 −

𝑅𝑔 𝑇
2𝐹

𝑝𝐻2 10−2{𝑝𝐾𝑤 −𝑝𝐻}

𝑙𝑛 (

{𝐻2 𝑂}2

)

where 𝑝𝐻2 is the atmospheric pressure of hydrogen gas, and 𝑝𝐾𝑤 is the negative logarithm of the
ionic product of water. The sum of these voltage drops equals to:
6

Equation 1.6

𝛥Ø𝑒𝑞𝑢 = 𝐸𝑎𝑛𝑜𝑑𝑒 − 𝐸𝑐𝑎𝑡ℎ𝑜𝑑𝑒

This thermodynamic minimal electrical potential to maintain gas equilibrium at both
electrodes (at a pH of 7 at both electrodes) is approximately equal to 1.23 V.
Additionally, to maintain the heterogenous gas production at a certain rate, the surface
overpotential can be estimated by a Tafel semi-empirical approximation as below [14], [15]:
Equation 1.7

𝜂=

𝑅𝑔 𝑇
𝛼𝐹

𝑖

− 𝑙𝑛 (𝑖 )
0

where 𝛼 is the modified transfer coefficient, 𝑖 is the current density, and 𝑖0 is the exchange current
density. The sum of these overpotentials at anode and cathode results in kinetic overpotential loss
as below:
Equation 1.8

𝛥Ø𝑘𝑖𝑛 = 𝜂𝑐𝑎𝑡ℎ𝑜𝑑𝑒 + 𝜂𝑎𝑛𝑜𝑑𝑒 = 𝜂𝑡𝑜𝑡𝑎𝑙

The total overpotential (𝜂𝑡𝑜𝑡𝑎𝑙 ) was modeled with Equation 1.7.
The last voltage drop belongs to resistance caused by the electrode rinse solution that can
be calculated by:
Equation 1.9

𝛥Ø𝑟𝑖𝑛𝑠𝑒 = 𝑖 𝜅

𝑤
𝑟𝑖𝑛𝑠𝑒

where 𝑖 is the current density, 𝑤 is the average distance between the electrodes, and 𝜅𝑟𝑖𝑛𝑠𝑒 is the
conductivity of the electrode rinse solution.
The hydraulic fittings of the stack did not allow for performing voltage loss experiments,
so the result from an experiment with a similar stack was used. Experiments were performed and
modeled with an ED stack with active membrane area of 320 cm2, and electrolyte solution of
5 mS/cm (which results in higher electrode voltage loss than the current experiments). These
experiments were performed by setting a stack with only anode and cathode electrodes and a cation
exchange membrane, without using concentrate and diluate spacers. By minimizing the sum of
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squared errors, the values of 𝛼, 𝑖0 , and 𝑤 for lower superficial velocity of 1.5 cm/s were
simultaneously determined to be 0.15, 0.024 A m-2, and 15 mm, whereas the higher velocity of
2.5 cm/s were 0.15, 0.028 A m-2, and 14 mm, respectively. The results of the voltage drop
modeling are compared to experimental measurements in Figure 1.3, which reveals that the
electrode voltage loss for the two different flow rate setpoints is very close.

Total electrode
voltage loss (V)

8
6
Vloss=1.23+(0.016×î)/0.5+(0.026/0.17)×ln(î/0.012)

4
2

Vloss=1.23+(0.014×î)/0.5+(0.026/0.15)×ln(î/…

0
1
Measured 1.5 cm/s

10
Current density (A/m²)
Modeled 1.5 cm/s

Modeled 2.5 cm/s

100
Measured 2.5 cm/s

Figure 1.3: Measured and modeled voltage drop versus current density (Experiments were
performed in triplicate at each flow rate.)
1.2.2.2 Limiting current density (LCD)
The current density through the electrodialysis stack increases with increasing voltage,
which increases the concentration gradient in the diffusion boundary layer. The upper limit of
current density occurs with approaching complete depletion of ions in the diluate diffusion
boundary layer, as shown in Figure 1.4. This phenomenon defines the maximum current density
in an electrodialysis stack and can be expressed as:
Equation 1.10

𝑖𝑙𝑖𝑚 =

𝐹|𝑧|𝐶𝐷 𝐷
𝑡̅−𝑡 𝛿

=

𝐹|𝑧|𝐶𝐷
𝑘
𝑡̅−𝑡

where 𝑖𝑙𝑖𝑚 is the limiting current density (A m-2), F is Faraday constant (96485.3 C/eq), 𝑧 is ionic
charge, 𝛿 is thickness of diffusion boundary layer (m), 𝐶𝐷 is the concentration of diluate (mol/L),
𝑡̅ and 𝑡 are transport numbers of membrane and solution phases, respectively, D is diffusivity, and
𝑘 is the mass transfer coefficient (which is the ratio of diffusivity over the thickness of the diffusion
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boundary layer). As Ben et al. discussed, LCD depends on membrane solution conductivity, stack
construction, and diluate velocity [16], [17]. There are empirical methods that can be used to
determine LCD such as the Cowan-Brown and “shoulder” methods [18], [19]. As shown in Figure
1.4 (a), the current density is plotted against stack voltage per cell pair (after subtracting the
electrode voltage loss), and the LCD is determined as the “shoulder” (i.e., the intersection of two
slopes). With the Cowan-Brown method shown in Figure 1.4 (b), area-specific resistance (Ω cm2)
is plotted against the reciprocal of current density (m2/A), and the LCD is identified as the nadir
of the curve. The two methods generally agree, but the Cowan-Brown method can be more precise
in visualizing the LCD (e.g., current densities of 160 A/m2 for velocity of 5 cm/s). For higher
velocity of 13 cm/s, the LCD was not identified, which means the stack can operate safely in this
range. The results illustrate that for a given stack voltage (2.0 V/cell-pair), greater diluate velocity
supports greater current densities.
(b)

200

150

Areal resistance (Ω cm²)

Current Density (A/m²)

(a)

LCD= 160 A/m²
y = 110.86x - 12.50
R² = 1.00

100

50

y = 106.88x - 10.97
R² = 1.00
y = 89.84x + 12.97
R² = 1.00

200
160

y = 152.2x + 100.5
R² = 1.00
y = -351.7x + 122.4
R² = 0.92

120
y = 195.4x + 92.6
R² = 0.99

80
LCD= 160 A/m²

40
5 cm/s

13 cm/s

0
0.00
0.01
0.02
0.03
Reciprocal current density (m²/A)

0
0.0
0.5
1.0
1.5
2.0
Applied voltage per cell-pair (V)

Figure 1.4: LCD measurement three replicates (n=3) for different flow velocities of 5 cm/s and
13 cm/s with (a) shoulder method, and (b) Cowan-Brown method
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1.2.3 Desalination performance metrics
The desalination performance with ED is characterized by chemical, hydraulic, and
electrical efficiencies which are explained below:

1.2.3.1 Salinity removal and conductivity reduction
The primary figure of merit for desalination processes is the concentration of salt (e.g.,
total dissolved solids (TDS) or individual ions) that is removed from a solution. The formula for
salt removal ratio is:
Equation 1.11

𝐶

𝑅 = 1 − 𝐶𝐷
𝐹

where 𝐶𝐷 is the concentration of the diluate stream and 𝐶𝐹 is the concentration of the feed. For
simplicity, salinity removal can be approximated by conductivity reduction:
Equation 1.12

𝜅

𝑅𝜅 = 1 − 𝜅𝐷
𝐹

where 𝜅𝐷 is the concentration of the diluate stream and 𝜅𝐹 is the concentration of the feed.

1.2.3.2 Specific Energy Consumption (SEC)
The Specific Energy Consumption (SEC) is the ratio of invested energy per unit volume
of produced water:
Equation 1.13

𝐸

𝑃

𝑆𝐸𝐶 = 𝑉 = 𝑄
𝐷

𝐷

where SEC is the Specific Energy Consumption (kWh/m3), E is the total energy invested for a
batch of desalinated water (kWh), 𝑉𝐷 is the batch volume of produced water (m3), P is the power
of the continuous flow desalination process (kW), and 𝑄𝐷 is the volumetric flow of desalinated
water (m3/h). The normalized SEC is the ratio of SEC per decrease in conductivity and is beneficial
to compare the overall desalination performance regarding different product water set points:
Equation 1.14

𝑆𝐸𝐶𝑛𝑜𝑟𝑚 = 𝜅
10

𝑆𝐸𝐶
𝐹 −𝜅𝐷

where 𝑆𝐸𝐶𝑛𝑜𝑟𝑚 is the normalized SEC with respect to conductivity (kWh m-3 mS-1 cm), 𝜅𝐹 is the
feed water conductivity (mS/cm) and 𝜅𝐷 is the desalinated water conductivity (mS/cm).

1.3 Results and discussions
The results of measured outlet conductivities relative to conductivity of two different feed
solutions for two flow velocities, and voltage are shown in Figure 1.5. (Concentrate and diluate
flow rates were nearly identical, thus, experiments were performed at a nominal recovery of 50%.)
As expected, greater single-pass steady-state separation is observed for flow velocity of 5 cm/s
compared to higher velocity of 13 cm/s. The conductivity reduction ratio increased linearly with
voltage application for slow and fast flow rates (5 cm/s and 13 cm/s), as shown in Figure 1.5 (b).

Conductivity removal

(b) 20%

(a) 1.2
κ/κfeed

1.1
1.0
0.9
0.8

0.0

0.4
0.8
1.2
Voltage per cell-pair (V)

1.6

5 cm/s, Concentrate, Measured
13 cm/s, Concentrate, Measured

R² = 0.9989

15%
10%

R² = 0.9998

5%
0%
0

0.5
1
1.5
2
Applied voltage per cell pair (V)

5 cm/s, Diluate, Measured
13 cm/s, Diluate, Measured

Figure 1.5: (a) Measured relative conductivity for diluate and concentrate outlets at different
currents, flow velocities, for feed concentrations of 5.1 mS/cm, and (b) Relative conductivity
reduction for single-pass steady-state ED
Similarly, the relative outlet concentrations of major ions are shown in Figure 1.6, versus
applied voltage and flow velocity. Very consistent separation trends were observed for the
5.1 mS/cm feed, with decreasing selectivity in the following order: Ca2+, Cl-, Na+, SO42-.
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(b) 1.4
[Ca2+]/[Ca2+]feed

1.2
1.0
0.8
0.6
0.0

0.4
0.8
1.2
Voltage per cell-pair (V)

(c) 1.4
[Cl-]/[Cl-]feed

1.2
1.0
0.8
0.6

1.6

0.0

0.4
0.8
1.2
Voltage per cell-pair (V)

1.6

0.0

0.4
0.8
1.2
Voltage per cell-pair (V)

1.6

(d) 1.4

1.2
1.0
0.8
0.6
0.0

0.4
0.8
1.2
Voltage per cell-pair (V)

1.6

[SO42-]/[SO42-]feed

[Na+]/[Na+]feed

(a) 1.4

5 cm/s, Concentrate, Measured
13 cm/s, Concentrate, Measured

1.2
1.0
0.8
0.6

13 cm/s, Diluate, Measured
5 cm/s, Diluate, Measured

Figure 1.6: Measured relative concentrations for diluate and concentrate outlets at different
voltage, flow velocity, in feed solution of 5.1 mS/cm for: (a) Sodium, (b) Calcium, (c) Chloride,
and (d) Sulfate, respectively
The desalination SEC (i.e., not including the hydraulic pumping power) is shown in Figure
1.7 (a). As it is shown, the slower flow rate needed more SEC than less faster flow rates. Figure
1.7 (b) compares the normalized desalination SEC which were the highest for faster flow rate than
slower one.
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0.3
y=

0.14x1.97

0.2
y = 0.06x2.00
0.1
0.0

(b)

0.6

normalized SEC
(kWh/m³ per mS/cm)

SEC (kWh/m³)

(a) 0.4

0.5

y = 0.27x + 0.07

0.4
0.3
0.2
0.1

y = 0.22x + 0.04
13 cm/s

5 cm/s

0.0
0.0
0.4
0.8
1.2
1.6
Apllied voltage per cell-pair (V)

0.0
0.4
0.8
1.2
1.6
Apllied voltage per cell-pair (V)

Figure 1.7: Desalination SEC and normalized desalination SEC for KBH feed (5.1 mS/cm)

1.4 Conclusions
An ED stack from Ameridia company was used to characterize ion-specific transport and
evaluate tradeoffs between salinity removal and specific energy consumption. The stack consisted
of 10-cell pairs of semi-permeable homogeneous membranes of CMX and ACS with an active
cross-sectional area of 200 cm2. The experiments were performed with a feed solution of brackish
water from KBH (El Paso, TX) with a conductivity of 5.1 mS/cm. The water quality analysis
indicated that the feed had a normality of 47.9 meq/L. The experiments were performed in
triplicate for two flow velocities of 5 cm/s and 13 cm/s, with discrete applied voltage from 0.2
V/cell-pair up to 2.0 V/cell-pair.
The result of the experiments showed the LCD of 160 A/m2 for velocity of 5 cm/s while
an LCD was not detected (i.e., greater than 190 A/m2) for the higher velocity of 13 cm/s. As
expected, the conductivity reduction of low flow velocity of 5 cm/s was higher than higher flow
velocity of 13 cm/s, and conductivity reduction (i.e., total salt removal) in the ED stack increased
linearly with voltage application. The ion selectivity decreased in the order of Ca2+, Cl-, Na+, and
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SO42-. The SEC of slower flow velocity was more than faster flow velocity, whereas the
normalized SEC has a reverse trend.
Future work should experiment with different feed solutions such as a RO concentrate with
higher conductivities and different membranes to investigate the effects on conductivity reduction,
ion selectivity, and SEC.
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Chapter 2. Predicting Electrical Conductivity Based on Ionic Composition
for Multi-Component Aqueous Solutions
2.1 Introduction
2.1.1 Background
Electrical conductivity (EC) is an intrinsic material property to convey electrical current.
EC is often monitored as an indicator of the ionic content of an electrolyte or total dissolved solids
(TDS) of aqueous solutions [1], [2] in industrial, environmental, and water treatment processes.
Measuring conductivity is quick, easy, cheap, and accurate [1].
Modeling speciation in aqueous solutions was researched throughout the twentieth century
[3], [4], and by the mid-1980s, with improvements in computational power, there were over 50
different programs developed to calculate the speciation and mass transport in aqueous solutions
[4]. However, to date, very few models calculate EC, and for successful use in modeling
electrically-driven separation processes such as electrodialysis and capacitive deionization, the
model should calculate equivalent ionic conductivity (𝜆i), transport number (ti), and concentration
(Ci) of each species (i) [20].
There do exist several models and software packages that predict conductivity based on
ionic composition. For example, Standard Method 2510A [21] offers a simple mathematical
expression to calculate conductivity based on concentration of ions, but it is not accurate for higher
conductivity solutions. Software packages like WATEQ4F [22], Aqion, AqQa [23], and
PHREEQCI [24] predict conductivity; however, they cannot be automatically called as a subroutine in electrodialysis modeling.
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2.1.2 Research goals and objectives
The goal of this research is to develop a model to calculate the electrical conductivity of
an aqueous solution based on the concentrations of components and a basic set of complexation
reactions among them. To achieve this goal, a mathematical model was developed based on
fundamental principles and precisely calibrated with conductivity and transport number values
obtained from literature. The model will be used as a sub-function to model electro-driven water
treatment processes such as electrodialysis and capacitive deionization. The model was validated
on synthetic and real brackish water solutions, as well as by comparison with other speciation
software packages.

2.2 Methodology
2.2.1 Speciation
Depending on the source, environmental waters contain different concentrations of free
ions, acids/bases, and complexes. Ions in the form of free ions or charged complexes contribute to
overall ionic strength and the electrical conductivity of a solution. The process of calculating
speciation and electrical conductivity is illustrated in Figure 2.1. First, the user enters total
concentrations of each component. Second, the model calculates the ionic strength of the solution
and then activity coefficients. Third, concentrations of free ions, acids and bases, and complexes
are calculated. Fourth, the sum of all calculated species of each component are compared to the
input total concentration, and the second and third steps are repeated until the relative error is less
than 10-5 (0.001%). Finally, the electrical conductivity of the solution and transport number of
each ion is calculated based on the speciation.
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Inputs:
pH, Ion Chromatography,
Alkalinity

Calculate ion-pair
speciation (C)

Calculate Ionic Strength (I)

No

Is relative change less
than 0.001%?
Yes

Calculate Activity
Coefficient (γ)
Outputs:
Concentration (C), Conductivity (κ)

Figure 2.1: Flowchart of speciation and conductivity prediction model
Table 2.1 lists parameters used in the model such as molecular weight, charge, and å and
b parameters of the Extended Debye-Hückel equation of the components.
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Table 2.1: Molecular weight, charges, Extended Debye-Hückel parameters å, b, and diffusion
coefficient at infinite dilution
Ions
H+
OHBa2+
Ca2+
K+
Mg2+
Na+
Sr2+
BrClFNO3SO42-

MW
å
b
D0
-5
(g/mol)
(Å)
(Å)
(10 cm2/s)
*
1.01 [25]
9 [26] 0.015
9.311 [27]
**
17.01 [28] 3.5 [26] -0.04
5.273 [27]
*
137.34 [28]
5 [26] 0.015
0.847 [27]
40.08 [28]
6 [26] 0.165 [28] 0.792 [27]
39.10 [28]
3 [26] 0.015 [28] 1.957 [27]
24.31 [28] 6.5 [28] 0.2 [28]
0.706 [27]
22.99 [28]
4 [26] 0.075 [28] 1.334 [27]
87.62 [28]
5 [28] 0.015*
0.791 [27]
**
79.90 [28]
4 [28] -0.04
2.080 [27]
35.45 [28]
3 [26] 0.015 [28] 2.032 [27]
19.00 [28] 3.5 [28] -0.04**
1.475 [27]
**
62.01 [28]
3 [26] -0.04
1.902 [27]
96.06 [29]
5 [29] -0.04 [29]
1.070 [24]

*

Assumed equal to 0.015 for all cations such as K+
**
Assumed equal to -0.04 for all anions such as SO42-

2.2.1.1 Activity coefficient and ionic strength
The activity of each species was calculated as the product of its activity coefficient and its
concentration:
Equation 2.1

𝛼𝑖 = 𝛾𝑖 × 𝐶𝑖

where 𝑎𝑖 is the activity of ith species, 𝛾𝑖 is the activity coefficient of that species, and 𝑐𝑖 is the molar
concentration of that ion. Several methods are available to calculate activity coefficients based on
ionic strength. According to Wright [30], the Extended Debye-Hückel method is valid for solutions
with ionic strength less than 1 mol/L and is shown in Equation 2.2 [30]:
Equation 2.2

√𝐼

log(𝛾𝑖 ) = −𝐴𝑧𝑖2 (1+𝐵𝑎0 ) + 𝑏𝑖 𝐼
𝑖

√𝐼

where I is ionic strength (often reported in mol/L), 𝑧𝑖 is the charge of ion i, 𝑎𝑖0 (Ångström) and 𝑏𝑖
are parameters related to each ion as listed in Appendix A, A and B are function of temperature, T
(K), and dielectric constant which are calculated as below:
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−3

Equation 2.3

𝐴 = 1.82 × 106 (𝜀(𝑇) × 𝑇) 2

Equation 2.4

𝐵 = 50.29(𝜀(𝑇) × 𝑇) 2

−1

Dielectric constant of water 𝜀(𝑇) (F/m) in the range of 0°C to 100°C can be calculated as
[31]:
Equation 2.5

𝜀(𝑇) = [87.74 − 40𝑇 + 9.40 × 10−4 𝑇 2 − 1.41 × 10−6 𝑇 3 ]F/m

where T is water temperature (°C). In a solution at 25°C, A= 0.511 M-1/2 and B=0.33 M-1/2nm-1.
The Extended Debye-Hückel method was selected because it is more accurate than the
Davies method (which does not account or differences among ions of the same charge) and less
computationally intensive than the Pitzer method (which can be used for solutions up to 20 mol/L
ionic strength [30]).
Calculation of the ionic strength of a solution is a function of ionic concentrations [32]:
Equation 2.6

1

𝐼 = 2 ∑𝑖 𝑐𝑖 𝑧𝑖2

where 𝐼 is the ionic strength, 𝑐𝑖 is the concentration of ion i.

2.2.1.2 Hydrogen and hydroxide ions
The concentration of the hydrogen ion can be calculated based on the given pH, according
to the following equalities:
Equation 2.7

𝑝𝐻 = −𝑙𝑜𝑔{𝐻 + } = −𝑙𝑜𝑔(𝛾𝐻 + [𝐻 + ])

where 𝛾𝐻 + is the activity coefficient of the hydrogen ion, and [𝐻 + ] is the concentration of the
hydrogen ion (mol/L). Similarly, the concentration of the hydroxide ion can be calculated as:
Equation 2.8

[𝑂𝐻 − ]

=

𝐾𝑊
{𝐻+ }

𝛾𝑂𝐻−

The 𝑝𝐾𝑤 for water at 25°C is 14.
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2.2.1.3 Acids and bases
In this model, the equilibrium of acids and bases is calculated based on dissociation
constants (pKa) which are listed in Table 2.2.
Table 2.2: Acids and bases dissociation constant pKa, charges, a, b, and diffusion coefficient D0
Acids and base
B(OH)4HCO3CO32HSiO3SiO32*

pKa
(mol/L)
9.31 [33]
6.35 [26]
10.33 [26]
9.84 [26]
13.20 [26]

MW
(g/mol)
78.839 [34]
61.017 [33]
60.009 [33]
77.092 [34]
76.084 [34]

å
(Å)
3 [24]
3 [24]
4 [24]
3 [24]
4 [24]

D0
(10-5 cm2/s)
1 [24]
1.185 [27]
0.923 [27]
1.304 [24]
1.015 [24]

b
-0.04*
-0.04*
-0.04*
-0.04*
-0.04*

Assumed equal to -0.04 for all anions such as SO42-

The concentration of acids were calculated as below [32]:
Equation 2.9

Equation 2.10

Equation 2.11

{𝐻 + }𝛾𝑓

𝐶𝑓 𝑛−H+ = 𝐶𝑡 𝑛 ( 𝑘

1

𝑎 1 𝛾𝑓 0

{𝐻 + }2 𝛾𝑓

𝐶𝑓 𝑛−2H+ = 𝐶𝑡 𝑛 (𝑘
𝐶𝑓 𝑛−3H+ = 𝐶𝑡 𝑛 (𝑘

𝑘𝑎 1 𝛾𝑓

+ 1 + {𝐻 +}𝛾 1 +

𝑘𝑎 1 𝑘𝑎 2 𝛾𝑓
{𝐻 + }2 𝛾𝑓

𝑓2

2

𝑎 1 𝑘𝑎 2 𝛾 𝑓 0

{𝐻 + }3 𝛾𝑓

+

{𝐻 + }𝛾𝑓

3

𝑎 1 𝑘𝑎 2 𝑘𝑎 3 𝛾𝑓 0

𝑘𝑎 2 𝛾𝑓

2

1

)−1

3

𝑘𝑎 2 𝛾𝑓

+ 1 + {𝐻 + }𝛾 2 )−1

{𝐻 + }2 𝛾𝑓

+𝑘

1

𝑓3

3

𝑎 1 𝑘𝑎 2 𝛾𝑓 1

+

{𝐻 + }𝛾𝑓
𝑘𝑎 2 𝛾𝑓

3

+ 1)−1

2

where 𝛾𝑓 0 is the activity coefficient of zero charged species (e.g. H3PO4*); 𝛾𝑓 𝐶𝑂 is equal to
2

100.1𝐼 [35]; 𝛾𝑓 1 , 𝛾𝑓 2 , 𝛾𝑓 3are the activity coefficients of the first, second, and third deprotonation of
those species, respectively (e.g., H2PO4-, HPO42-, and PO43-, respectively), 𝑘𝑎 1 , 𝑘𝑎 2 , 𝑘𝑎 3 are the
first, second, and third equilibrium constants, respectively, 𝐶𝑡 𝑛 is the total concentration of nth
component (e.g., sum of all species derived from carbonate, bicarbonate, and carbonic acid), and
𝐶𝑓 𝑛−H+ , 𝐶𝑓 𝑛−2H+ , and 𝐶𝑓 𝑛−3H+ are the first, second, and third deprotonations of that component,
respectively (if they exist).
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The activity of water was assumed as equal to mole fraction of water which was
approximated as:
{𝐻2 O} = 1 −

Equation 2.12

𝐶𝑓𝑟𝑒𝑒 +𝐶𝐶𝑜𝑚𝑝𝑙𝑒𝑥 +𝐶𝑍𝑒𝑟𝑜
𝑀𝑉𝑤

where MVw is the molar volume of water, which is dependent on temperature and is equal to
55.5 mol/L at 25 °C.

2.2.1.4 Ion-pair complexes
The most abundant charged and neutral complexes were included based on Visual Minteq
[33] software simulation to represent more than 99% of the species of each component for the
simulated and real waters tested. The complexation constant (β) values are shown in Table 2.3
[33].
Table 2.3: Charged and neutral complexes and stability constants (log(β)) [33]
Complex

log(β)
(L/mol)

Complex

log(β)
(L/mol)

BaCl+
BaCO3
BaHCO3+
BaNO3+
BaSO4
CaB(OH)4+
CaCl+
CaCO3
CaF+
CaHCO3+
CaNO3+
CaSO4
KCl
KSO4MgB(OH)4+

-0.03
-9.24
0.98
0.70
-6.35
1.76
0.40
-10.33
1.14
1.10
0.50
-9.90
-13.10
0.85
1.54

MgCl+
MgCO3
MgF+
MgHCO3+
MgSO4
NaCl
NaCO3NaF
NaHCO3
NaNO3
NaSO4SrCl+
SrCO3
SrHCO3+
-

0.60
-9.20
1.90
1.011
-12.10
-12.7
1.27
-2.30
-6.80
-11.60
0.74
0.19
-11.70
1.21
-

The concentration of ion-pair complexes and zero charged species are calculated based on
stability constants and the activity coefficients of each species:
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Equation 2.13

𝐶𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛 = 𝛽𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛 𝐶𝑓𝑟𝑒𝑒 𝑎 𝐶𝑓𝑟𝑒𝑒 𝑏 𝛾𝑓 𝑎 𝛾𝑓 𝑏 𝛾𝐶 −1

where 𝐶𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛 is the concentration of the complex of two ions of “a” and “b” with equation
constant of 𝛽𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛 and calculated 𝛾𝐶 from Equation 1.15. The activity coefficient of neutral
(zero) charge complexes ( 𝛾𝑧𝑒𝑟𝑜 ) is estimated as 100.1𝐼 [36].

2.2.1.5 Model convergence
Initially, the concentrations of free species are approximated as equal to their respective
components. At the end of each iteration, the concentrations of free species are adjusted are:
Equation 2.14

1

𝐶𝑓𝑟𝑒𝑒 𝑛 = 𝐶𝑡𝑜𝑡 𝑛 − 1+𝜀 (𝐶𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛 + 𝐶𝑧𝑒𝑟𝑜 𝑛 )

where 𝐶𝑓𝑟𝑒𝑒 𝑛 is the concentration of the free species, 𝐶𝑡𝑜𝑡 𝑛 is the input total concentration of species
(e.g., total carbonate), 𝜀 is the relative error of the mass balance of each respective component, ,
and 𝐶𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛 and 𝐶𝑧𝑒𝑟𝑜 𝑛 are the concentration of ionic complexes and neutral ion pairs of the
specified ion, respectively.
Iterations conclude when the maximum relative error of mass balance between the
calculated and input concentrations is less than 10-5 of total concentration for each component.

2.2.2 Electrical Conductivity Model and Calibration
Modeling the electrical conductivity of multicomponent solutions is necessary as a function
of composition because the overall conductivity is the result of the movement of ionic species in
a solution. After speciation has been calculated, the conductivity of each sample can be calculated
as the sum of conductivity of each constituent [14]:
Equation 2.15

𝜅 = ∑𝑖 𝜆𝑖 𝐶𝑖 |𝑧𝑖 |
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where 𝜅 is the conductivity of the solution, 𝜆𝑖 is the equivalent conductivity of each ion (subscript
i), Ci is the equivalent concentration of each ion, and |𝑧𝑖 | is the absolute value of charge of each
ion.
The equivalent ionic conductivity of each ion is calculated by multiplying the equivalent
ionic conductivity at infinite dilution (𝜆0 ) by the conductivity coefficient (𝛾𝜆 𝑖 ), which is analogous
to the method of calculating activity:
Equation 2.16

𝜆𝑖 = 𝜆0 𝑖 𝛾𝜆 𝑖

The equivalent ionic conductivity at infinite dilution (𝜆0 𝑖 ) is often reported in units of
(

𝑆 𝑐𝑚2
𝑒𝑞

) and can be calculated based on ionic diffusivity [14]:

Equation 2.17

𝐹2

𝜆0 𝑖 = 𝑅𝑇 |𝑧|𝐷0

where, F is the Faraday constant equal to 96485

𝐶
𝑒𝑞

at 25ºC, R is the universal gas constant equal

to 8.314 J mol-1 K-1 at 25ºC, T is the temperature, |𝑧| is the absolute value of charge for each ion,
and 𝐷0 is the diffusivity at infinite dilution and has been included in Table 2.1 and Table 2.2.
A one-parameter expression for estimating the conductivity coefficient was inspired by the
Debye-Hückel activity coefficient expression, and after multiple iterations and tests with various
expressions, the following expression performed the best:
𝑋1 |𝑧|√𝐼

Equation 2.18

𝛾𝜆 𝑖 = 10|𝑧|+𝑋2 å√𝐼

where 𝐼 is the ionic strength, å is empirical number related to the size of the components in
angstrom, and X1 and X2 are the model fitting parameters. These fitting parameters were
determined based on 109 published conductivity values [27], [37] of several solutions with
concentrations ranging from 0.5 mM to 1 M. Moreover, cation transference numbers (i.e., the
ratio of positive ion conductivity to the overall conductivity of a single salt solution) from Kortüm
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[37] were compared for various species to constrain conductivity contributions from anions and
cations. The best fitting values of X1 and X2 were -0.174 and 0.181, respectively, which minimized
the root-mean squared error (RMSE) of 0.305 mS/cm and corresponded to a relative root mean
square error (RRMSE) of 9.7% and an R-squared value of 0.9974. With these fitting parameters,
the modeled conductivity values are compared against the literature reported values in Figure 2.2,
and the equivalent ionic conductivity values are shown as a function of ionic strength in Figure
2.3. Modeled cation transport numbers (transference) are predicted well with a RRMSE of 3%
and highly correlated with R2 of 0.9855, compared against literature values, which are shown in
Figure 2.4.

Modeled conductivity
(mS/cm)

1000
100
y = 0.9827x + 0.0856
R² = 0.9974

10
1
0.1
0.01
0.01

0.1

1
10
Cited conductivity (mS/cm)

100

1000

Figure 2.2: Comparison of modeled conductivity (κ) with literature conductivity values
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Figure 2.3: Modeled conductivity coefficient (𝛾𝜆 ) versus ionic strength
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CaCl2 Cited
KCl Cited
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Figure 2.4: Cation transport number versus ionic strength (modeled and literature values)

2.3 Results and Discussion
The electrical conductivity model developed in this work was compared with reported
conductivity values from literature [27], [37], as shown in Figure 2.5. Furthermore, the model
developed in this work was compared with two other models for calculating electrical
conductivity. For the calibration dataset, the EC model developed in this work had relative error
less than ±10% for EC up to 100,000 μS/cm and was more accurate than the WATEQ4F model
and the Standard Method 2510A (RRMSE values of 12%, 18%, and 25%, respectively).
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Relative error of calculated EC

20%

This Work
WATEQ4F
SM 2510A

10%
0%
-10%
-20%
10

100

1,000
10,000
Published EC (μS/cm)

100,000

1,000,000

Figure 2.5: Relative error comparison this work (purple cross) and other methods vs. published
EC
To further validate the model, multiple synthetic solutions were prepared with massbalance precision of 0.01 mg for concentrations from 1 mN to 1 N. Several multi-component
synthetic solutions were precisely prepared from five different solutes of NaHCO3, Na2SO4,
MgSO4, NaCl, CaCl2. The ratio of mixing these chemicals are demonstrated in Table 2.4:
Table 2.4: Ratio of each element and measured solutes to make 0.1N solutions
Analyte

Cations
(%)
Anions
(%)

Solutes
(mg/L)

A
Na+
65%
2+
Ca
25%
Mg2+
10%
Cl
65%
HCO3
25%
SO4210%
NaHCO3
1,010.65
MgSO4
10,500.25
NaCl
3009.61
CaCl2
116,856.80
Na2SO4
-
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Mixtures
B
C
D
85%
100%
100%
10%
0%
0%
5%
0%
0%
85%
30%
60%
10%
60%
0%
5%
10%
40%
1,010.65 5,041.54
10,500.25
3,009.61 1,752.74 3,506.49
116,856.80
- 1,610.95 6,444.20

The samples were prepared in a half liter Pyrex volumetric flask with precision of 0.20 mL
and mixed completely with a magnetic bar for half an hour. Afterwards, the solutions were kept in
a plastic sample bottle in a Thermo Fisher Scientific water bath (Model 2870) at 25°C. A calibrated
Thermo Fisher Scientific Orion A325 meter with pH probe (8107UWMMD) and conductivity
probe (013005MD) was used to measure pH, conductivity, and temperature of the samples,
maintaining all at 25°C (±0.1°C). Figure 2.6 shows the relative error of the EC model in this work
for these synthetic solutions, as well as a comparison against two other models. All the models
except standard methods predicted the electrical conductivity within 20% of measured

Relative error of calculated EC

conductivity.
20%

This work

SM 2510A

WATEQ4F

10%
0%
-10%

-20%
1,000

10,000
Measured EC (μS/cm) of Synthetic Solutions

100,000

Figure 2.6: Relative error of calculated EC for synthetic solutions with this work and other
methods versus measured EC
Finally, twenty-four real brackish water samples from the Brackish Groundwater National
Desalination Research Facility (BGNDRF) in Alamogordo, NM were analyzed with the developed
model to calculate EC. Figure 2.7 shows the result of running the model and comparison with
other methods.
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-20%
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10,000
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100,000

Figure 2.7: Relative error of calculated EC for brackish solutions with this work and other
methods versus measured EC

2.4 Conclusions
A speciation and electrical conductivity model based on multi-component solutions was
developed to accurately calculate the electrical conductivity and transport numbers of aqueous
solutions up to 100,000 μS/cm at 25°C with relative errors of less than ±10%.
The calibration of the model with the cited solutions of 0.5 mM to 1 M concentration were
performed accurately with a root mean square error (RMSE) of 0.305 mS/cm which corresponded
to a relative RMSE of 9.7% and an R2 of 0.9974. Validation of the model was performed with
multi-component synthetic solutions ranging from 1 mN to 1 N with ±20% accuracy for solutions
up to 100,000 μS/cm, which was more accurate than other methods. In the end, the model predicted
24 real brackish water solutions from the Brackish Groundwater National Desalination Research
Facility (BGNDRF) in Alamogordo, NM within ±15%.
Future work should investigate the effects of expanding the complexity of the activity of
water based on accounting for the density of the solution as a function of the composition. This
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model will be utilized as a sub-routine in subsequent modeling in the design and optimization of
electro-separation processes such as electrodialysis (ED) and capacitive deionization (CDI).
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Chapter 3. Process Modelling of Electrodialysis
3.1 Introduction
3.1.1 Background
There have been several recent studies on fundamental and semi-empirical process
modeling of ED [3], [17], [38]–[46]. Nikonenko et al. [45] reviewed multiple 2D and 3D
mathematical models on ion-exchange membranes and electromembrane systems to discuss
different membrane designs that can result in enhancement of ion transport in electrodialysis [45].
Campione et al. [3], performed an extensive literature review on theoretical, as well as
experimental, characterization of the complex phenomenon occurring in electrodialysis and
strategies to optimize the performance considering capabilities and limitations of each approach
[3]. In another study, Campione et al. [46], developed a semi-empirical model for the ED process
that requires membrane properties as input (e.g., membrane resistance and salt and water
permeability) to predict the performance of lab scaled ED for designing and optimization purposes
[46].
These studies have improved the scientific understanding of ED operation based on
theoretical and empirical modeling, but unfortunately, most of these models were developed based
on binary solutions (e.g., only sodium chloride), not multicomponent mixtures. To the best of our
knowledge, there is no open source software (as opposed to commercially exclusive software
packages such as Suez ED predictive software WATSYS) available for modeling the ED process.

3.1.1.1 Goals and objectives
The goal of this modeling is to improve access to drinking water by improving ED
modeling, which will ultimately facilitate more efficient design and operation. The objectives of
this chapter are to (1) create a mathematical model based on theoretical principals for
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multicomponent solutions, and (2) calibrate and validate the model with the results from the first
chapter of this dissertation.

3.2 Methodology
This section describes the methodology of modeling the chemical, hydraulic, and electrical
performance of the ED system.

3.2.1 Model calibration with lab-scale experiments
Data acquired from lab-scale experiments which were explained in Chapter 1, are used to
calibrate the model. These data included water quality (feed, product, concentrate), flow rates,
applied voltage, and current density.

3.2.2 Steady-State Electrodialysis
Simulation of electrodialysis in steady-state operation is a function of space within the
electrodialysis stack. This simulation is approximated as one-dimensional for hydraulic and
electrical parameters such as flow rate and current density and two dimensional for chemical
concentrations, as shown in Figure 3.1. The flow inside each cell is approximated with stagnant
boundary layers adjacent to the membranes and constant flow between. Hence, electrical current
and flow rate are constant along the x-dimension and change along y-dimension, while chemical
concentrations are two-dimensional and vary along the flowpath and perpendicular to the
membranes (i.e., y- and x-dimensions, respectively).
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Figure 3.1: A single cell pair of an electrodialysis stack with velocity and concentration profiles adapted from [47]
The electric behavior of the electrodialysis stack is modeled according to Ohm’s law
(multiple resistances in series) with the incorporation of multiple non-ohmic phenomena. The
given parameters in the modeling are: feedwater component concentrations, ED stack geometry,
spacer dimensions and properties, flow rate (velocity), total applied voltage, and IEM properties.
The flow chart of modeling is shown in Figure 3.2 for each discretized distance along the flow
path.
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Model variables

Call Speciation (Chapter 2)

Initial Current density based on
doubled bulk resistances

Transference based on bulk
concentration and diffusivities
No

Gradient concnetration based on
Nerst-Plank Eq.
Concentrations at the membrane
surface

Is current density difference
< 0.001%?

Yes

Effective separation flux for each ion
Electro-osmosis and Osmosis transport
of water

Donnan potential, Diffusion
potential, voltage loss
Total resistance of the stack

New flow rates and concentrations

Current density
Next point in space grid

Figure 3.2: Flowchart of running the steady-state ED stack model
Each part of the mentioned flowchart is being explained in the following sections. The
following assumptions were made based on Lee et al [48] while improving the modeling of an
electrodialysis stack for hydraulic, chemical, and electrical parameters.
Hydraulic
•

Concentrate and diluate cells have the same geometry but are allowed to have
different flow rates.

•

The diffusion boundary layer thickness is modeled as an empirical function of
Reynolds number instead of being neglected entirely.
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•

Water transport through the membranes by electroosmosis and osmosis is
incorporated instead of being neglected.

Chemical
•

The electrical conductivity of the solution is a non-linear function of the
multicomponent speciation (i.e., Chapter 2) instead of being a linear function of a
single binary salt (e.g., NaCl).

•

Activity coefficients are modeled as a function of the multicomponent solution [15]

3.2.3 Hydraulic Modeling
3.2.3.1 Diffusion boundary layer thickness
The diffusion boundary layer thickness (δ) has significant impacts on ionic separation in
an ED system [15]. In recent studies by Chehayeb et al. [49]–[51], the diffusion boundary layer
was determined by experimental correlation with the Sherwood Number (Sh) in which the mass
transport was modeled based on Maxwell-Stefan approach [46]. The diffusion boundary layer
thickness is calculated based on well-established fluid mechanics correlations as a function of
Reynolds number [52]. One of these correlations is Sherwood No., which is the ratio of convective
mass transfer rate over diffusion rate, which is a function of Reynolds and Schmidt number, and
can be calculated as [52], [53]:
kd

Equation 3.1
where

𝑘𝑑
𝐷

is the Sherwood No.,

𝐷
𝑑𝜈 0
𝜈

= 𝑎(

𝑑 𝑣𝑎𝑣𝑔 0.8−0.88
𝜈

)

is Reynolds No.,

𝜈
𝐷

𝜈 0.25−0.33

(𝐷)

is Schmidt No., 𝑘 is the convective mass

transfer coefficient (m s−1), D is mass diffusivity (m2 s−1), 𝑑 is the characteristic length or hydraulic
diameter (m), 𝑣𝑎𝑣𝑔 is the average superficial velocity in the slit (m/s), and 𝜈 is the kinematic
viscosity (m2 s−1). The boundary layer thickness can be estimated as [53]:
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Equation 3.2

𝛿=

𝐷
𝑘

3.2.3.2 Solution density
In order to precisely incorporate mass balance in the model, the density of a
multicomponent solution (ρ) is described by a regression of mass-fraction for binary solutions.
The following expression shows the solution density as a function of root charge-weighted solute
mass fraction (w') within 1% accuracy [15]:
Equation 3.3

𝑔

ρ = (0.7153 𝑤 ′ + 0.9970) 𝑐𝑚3

The root-charge weighted mass-fraction (𝑤 ′ ) calculate as:
Equation 3.4

𝑤′ =

∑𝑖(𝑐𝑖 𝑀𝑀𝑖 √|𝑧𝑖 |)
𝜌

where 𝑐𝑖 is the concentration (mol/L) of species i, MMi is the molar mass (g/mol), and 𝑧𝑖 is the
charge. Substitution of Equation 3.4 into Equation 3.3, can be simplified to:
Equation 3.5

1

ρ = 2 (𝑌2 + √𝑌2 2 +

4𝑌1 𝑌3
1000

)

where 𝑌1 = 0.7153 g/cm3, 𝑌2 = 0.9970 g/cm3 (which is the density of pure water at 25°C), and
𝑌3 =∑𝑖(𝑐𝑖 𝑀𝑀𝑖 √|𝑧𝑖 |) in units of g/cm3.

3.2.3.3 Electro-osmosis
Electro-osmosis is the flux of water with ions through the IEM. Table 3.1 shows the
reported electro-osmosis numbers used in the model which are taken from hydration numbers
reported in the literature [30], [54].
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Table 3.1: Electro osmosis numbers (ionic hydration numbers)
Ion
Ba2+
Ca2+
K+
Mg2+
Na+
Sr2+

Hydration

Ion
BrClHCO3NO3SO42-

9
12.2
3
14
5
10.8

Hydration
4
4
6
6
6
-

3.2.3.4 Osmosis
Osmosis refers to the flux of water molecules through IEMs from the side with lower salt
concentration to the side with higher salt concentration:
Equation 3.6

J𝑜𝑠𝑚𝑜𝑠𝑖𝑠 =

𝑃𝑚𝑒𝑚 ΔΠ𝑎𝑣𝑔
ℎ𝑚𝑒𝑚

where 𝑃𝑚𝑒𝑚 is the permeability of the membrane, ℎ𝑚𝑒𝑚 is the thickness of the membrane
in the direction of the flux, and ΔΠ𝑎𝑣𝑔 is the average osmotic pressure difference across the
membrane, which can be approximated with the Carnahan and Starling corrected van't Hoff
approximation [55], [56]:
Equation 3.7

𝑅𝑇

Π = ̅̅̅̅̅
ln (𝑎𝑤 ) ≈ 𝑅𝑇 (
𝑉
𝑊

1++Ψ2 −Ψ3
(1−Ψ)3

) ∑𝑖 𝐶𝑖

where Ψ is the volume fraction of the solute in the solution and 𝐶𝑖 is the molar concentration
(mol/L).

3.2.3.5 Conservation of mass
Transportation of water and all the components at each computation grid is performed by
mass balance. After convergence of concentrations and current density, the effluent to the next
grid is computed with the following equation:
Equation 3.8

𝑁𝑤,𝑛+1 = 𝑁𝑤,𝑛 − J𝑒𝑙𝑒𝑐𝑡𝑟𝑜−𝑜𝑠𝑚𝑜𝑠𝑖𝑠 𝑤Δ𝑦

where 𝑁𝑤,𝑛 is the influent flow rate of water entering the nth grid, 𝑁𝑤,𝑛+1 is the influent molar
flow rate of water to the n+1 th grid, 𝑤 is the width of the nth grid in the z dimension (Figure 3.1),
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and Δ𝑦 is the length of n th grid along the flow path. The transported water from the diluate stream
is added to the adjacent concentrate stream.

3.2.4 Ion Transport Modeling
In this section, the modeling of the transport of ions through an electrodialysis stack is
explained.

Speciation of feed stream components were calculated according to the model

described in Chapter 2. Hence, the model calls the speciation subroutine for each discrete location
to calculate the concentration and transport number of each water quality component. The molar
flux under ionic concentration gradient and electric field for a specific ion within the electrodialysis
stack (in the x-direction) was approximated by the Nernst-Planck Equation:
Equation 3.9

𝐽𝑖 = −𝐷𝑖

𝑑𝑐𝑖
𝑑𝑥

−

𝜆𝑖 𝑐𝑖 𝑑𝜙
𝐹 𝑑𝑥

where for the 𝑖 th species, 𝐽𝑖 is the molar flux, 𝐷𝑖 is the ionic diffusivity, 𝑐𝑖 is the molar
concentration, 𝐹 is the Faraday constant, 𝜙 is the electric potential, and 𝜆𝑖 is equivalent ionic
conductivity that can be calculated as explained in Equation 2.16 and Equation 2.17 [14]. By
adding the fluxes of charges, the electrical current density of the nth grid is calculated as:
Equation 3.10

𝑖𝑛 = 𝐹 ∑𝑖 𝑧𝑖 𝐽𝑖,𝑛

Since the bulk region is approximated as well-mixed, the concentration gradient would be
zero, and Equation 3.9 simplifies to Equation 3.11:
Equation 3.11

𝐽𝑖 = −

𝜆𝑖 𝑐𝑖 𝑑𝜙
𝐹 𝑑𝑥

(bulk region only)

where the electric potential gradient in the bulk region is equal to:
Equation 3.12

𝑖

∇𝜙𝑏𝑢𝑙𝑘 = − 𝜅
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The current density should be constant due to steady-state conservation of charges.
Assuming constant concentration gradient within the boundary layer, the concentration gradient
can be estimated as:
Equation 3.13

𝑑𝑐𝑖
𝑑𝑥

1

𝜆𝑖 𝑐𝑖 𝑑𝜙

𝑖

𝐹 𝑑𝑥

= − 𝐷 (𝐽𝑖 +

)

where ∇𝑐𝑖 is the concentration gradient of species 𝑖.
As explained above, the DBL is controlled by hydrodynamic conditions; therefore, the
concentration of each ion at the membrane surface is equal to:
Equation 3.14

𝑐𝑚𝑒𝑚 = 𝑐𝑖,𝑏𝑢𝑙𝑘 +

𝑑𝑐𝑖
𝑑𝑥

δ

3.2.5 Electrical Device Modeling
In this section, the modeling of an electrodialysis stack as an electrical device is described.

3.2.5.1 Current density
An electrodialysis stack can be modeled as an electrical resistor with current density of i
(A/m2):
Equation 3.15

𝑖=

Δ𝜙𝑎𝑝𝑝𝑙𝑖𝑒𝑑 −Δ𝜙𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑑𝑒𝑠 −∑ Δ𝜙𝑠𝑡𝑎𝑐𝑘 𝑙𝑜𝑠𝑠𝑒𝑠
𝑅̃𝑒𝑑

where ∑ Δ𝜙 is the potential (voltage) loss through the stack (the membranes and solutions), and
𝑅̃𝑒𝑑 is the area-specific electrical resistance (Ω m2) of the stack [57].

3.2.5.2 Voltage Losses inside the ED stack
The main voltage losses in a cell-pair within an electrodialysis stack include: (1) Ohmic
voltage losses due to electrical resistance of membranes and bulk solutions, (2) liquid junction or
“Donnan” potentials, and (3) diffusion potentials (described above).
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3.2.5.2.1 Donnan potentials
An electrical voltage difference across the membranes is caused by a difference in salinity
difference (different ion activities) across the membranes, and this voltage difference is called the
liquid junction potential (or Donnan potential) [58], [59]. This voltage basically counteracts the
applied voltage from the electrodes and can be significant. The general form of the calculation of
the Donnan potential (assuming constant transport number across the membranes) is [59]:
Equation 3.16

𝑅𝑔 𝑇

|Δ𝜙𝑗𝑐𝑡 | =

𝐹

𝑡

𝛼𝑖𝐻𝐶

𝑧𝑖

𝛼𝑖𝐿𝐶

∑𝑖 𝑖 𝑙𝑛

where 𝛼𝑖𝐻𝐶 and 𝛼𝑖𝐿𝐶 are ionic activity for high concentration (HC) and low concentration (LC)
sides, respectively [14], subscript of 𝑖 is the 𝑖th species, 𝑅𝑔 is the gas constant (8.314 J.mol-1.K-1),
𝑇 is the temperature (°F), F is Faraday constant (96,485 s.A.mol-1), 𝑧 the ionic charge, and 𝑡 is the
transport number (transference number) which is the fractional contribution of 𝑖 th ion to transport
electrical current across the membrane and calculates as below:
Equation 3.17

|𝑧 |𝑢 𝐶𝑖
𝑗 𝑗 𝐶𝑗

𝑡𝑖 = ∑|𝑧𝑖 |𝑢𝑖

as it was discussed in the previous chapter, conductivity calculates as below:
Equation 3.18

𝜅 = 𝐹 ∑|𝑧𝑖 |𝑢𝑖 𝐶𝑖

3.2.5.2.2 Diffusion boundary layer potential gradient
The potential gradient of the diffusion boundary layer (DBL) calculates as:
Equation 3.19

𝑖

∇𝜙𝐷𝐵𝐿 = − + ∇𝜙𝑑𝑖𝑓𝑓
𝜅

where ∇𝜙𝑑𝑖𝑓𝑓 is the diffusion potential, which is an electrical potential gradient formed by salinity
gradient and various diffusivities of its ions. This occurs to maintain electroneutrality in each DBL
and is calculated as:
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Equation 3.20

∇𝜙𝑑𝑖𝑓𝑓 = −

𝑅𝑔 𝑇
𝐹𝜅

+ ∑𝑖 𝜆𝑖 ∇𝑐𝑖

3.2.5.2.3 Electrical resistance within the stack
The area-specific resistance of a cell-pair, 𝑅̃𝑐𝑝 , can be estimated as the sum of membranes
(CEMs, subscript c, and AEMs, subscript a) and the solutions surrounding them, including
concentrate (subscript C) and diluate (subscript D) bulk and diffusion boundary layers (subscript
bl) as follows:
Equation 3.21

𝑅̃𝑐𝑝 = 𝑅̃𝐶𝐸𝑀 + 𝑅̃𝑐,𝐷𝐵𝐿−𝑐 + 𝑅̃𝑐,𝑏𝑢𝑙𝑘 + 𝑅̃𝑐,𝐷𝐵𝐿−𝑎 +…
… + 𝑅̃𝐴𝐸𝑀 + 𝑅̃𝑑,𝐷𝐵𝐿−𝑎 + 𝑅̃𝑑,𝑏𝑢𝑙𝑘 + 𝑅̃𝑑,𝐷𝐵𝐿−𝑐

The total resistance of an electrodialysis stack is simply the product of the total number of cell
pairs and resistance of a cell pair:
Equation 3.22

𝑅̃𝑒𝑑 = 𝑁𝑐𝑝 𝑅̃𝑐𝑝

3.3 Results and discussions
A steady-state electrodialysis model for ED was developed to consider the hydraulic,
chemical, and electrical reactions that occur in the electrodialysis stack. This model calculates the
electrical current density, ion transport, water transport, and resulting compositions for concentrate
and diluate streams at 18 discrete points along the flow path inside the ED stack. The model
executed within 6 s with an Intel® Core™ i7-8650U CPU @ 1.9 GHz processor. The results for a
feed solution with real brackish water solution with conductivity of 5.1 mS/cm and two flow rates
of 5 cm/s and 13 cm/s is compared with the triplicate performed experiments for each flow
velocities and varying voltage settings. The comparison of model predictions and measured current
densities showed reasonable accuracy with relative root mean square error (RRMSE) of 11% for
low and high velocities, as it is shown in Figure 3.3.
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0

0
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100
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200
Measured current density (A/m²)
Figure 3.3: Comparison of modeled and measured current density throughout the experiments
(n=3) for varying velocities
A comparison of modeled and measured relative conductivity of concentrate and feed
streams is shown in Figure 3.4 (a). The model prediction of outlet conductivity is correlated very
well with experimentally measured values (R2>0.98) for low and high superficial velocities. The
corresponding conductivity reduction is shown in Figure 3.4 (b) and RRMSE of the model was of

(a) 1.2

κfeed=5.1 mS/cm

κ/κfeed

1.1
1.0
0.9

(b)

20%

Conductivity
removal

13% and 19% for 5 cm/s and 13 cm/s, respectively.

15%

0.8
0.0

0.4
0.8
1.2
Voltage per cell-pair (V)

10%
5%
0%

1.6

0.0
0.4
0.8
1.2
1.6
Applied voltage per cell-pair (V)

5 cm/s, Concentrate, Measured
5 cm/s, Cocentrate, Modeled
13 cm/s, Concentrate, Modeled
13 cm/s, Concentrate, Measured

13 cm/s, Diluate, Measured
13 cm/s, Diluate, Modeled
5 cm/s, Diluate, Modeled
5 cm/s, Diluate, Measured

Figure 3.4: (a) Comparison of modeled and measured relative conductivity (n=3) for diluate and
concentrate outlets at different currents, flow velocities, for feed concentrations of 5.1 mS/cm,
(b) comparison of conductivity removal for flow velocities of 5 cm/s and 13 cm/s
Modeled and measured relative concentration for concentrate and diluate outlets are shown
in Figure 3.5 for (a) sodium, (b) chloride, (c) calcium, and (d) sulfate, respectively. Model
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predictions for sodium and chloride were fairly consistent (R2>0.96) with RRMSE values under
12%, but the model significantly underpredicted calcium separation and overpredicted sulfate
separation (However, the model does not account for ion selective membranes such as the

(a) 1.4

(b) 1.4

[Na+]/[Na+]feed

[Ca2+]/[Ca2+]feed

monovalent anion exchange membranes used in the experimentation).
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(d) 1.4
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13 cm/s, Concentrate, Measured

1.2
1.0
0.8
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13 cm/s, Diluate, Measured
13 cm/s, Diluate, Modeled
5 cm/s, Diluate, Modeled
5 cm/s, Diluate, Measured

Figure 3.5: Comparison of modeled and measured (n=3) relative concentrations for diluate and
concentrate outlets at different voltage, flow velocity, in feed solution of 5.1 mS/cm for:
(a) Sodium, (b) Calcium, (c) Chloride, and (d) Sulfate, respectively
The model predictions for sodium and chloride removal were highly correlated (R2>0.98)
(Figure 3.6 (a) and (c)), while is not as accurate for calcium and sulfate (Figure 3.6 (b) and (d)).
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Figure 3.6: Comparison of modeled and measured concentration reduction (n=3) at different
voltage, flow velocity, in feed solution of 5.1 mS/cm for: (a) Sodium, (b) Calcium, (c) Chloride,
and (d) Sulfate, respectively
The model prediction of SEC was highly correlated with the measured SEC values
(R2>0.99), with RRMSE of 8% and 18% for low and high velocities, respectively, as it is shown
in Figure 3.7 (a). To achieve conductivity removal of 18% and 5%, SEC of 0.41 kWh/m3 and
0.14 kWh/m3 was needed for low and high velocities, respectively. The normalized SEC was
predicted higher in 5 cm/s compared to 13 cm/s with RRMSE of 24% and 16%, respectively, as it
is shown in Figure 3.7 (b).
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Figure 3.7: Comparison of modeled and measured (a) SEC, (b) normalized SEC

3.4 Conclusions
A novel theoretical model was developed to predict brackish water desalination with
electrodialysis (ED). The main advantage of this model compared to other models is the NernstPlanck simulation of multicomponent ionic transport that is computationally efficient compared to
more complex models. The model was compared to experimental data at multiple velocities and
voltages, which showed precise modeling results for current density, overall conductivity, and
separation of sodium and chloride.
The model predicted the current densities of flow velocities of 5 cm/s and 13 cm/s with R2
of 1.00 and 1.00 and RRMSE of 11.2% and 11.4%, respectively. The conductivity reduction
prediction was more accurate at a lower flow velocity with R2 of 0.9998 and RRMSE of 13%,
compare to R2 of 0.9997 and RRMSE of 19% for higher flow velocity. The model was not able to
predict the concentration reduction of calcium and sulfate accurately, most likely because the
model does not account for membrane selectivity. The SEC prediction for low and high velocity
was precisely predicted with RRMSE values of 8% and 18%, respectively.
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Future work should include incorporating membrane selectivity into the ion transport
modeling, as well as modeling electrodialysis treatment of RO concentrate waste. Adding
temperature functions and solubility factors can be helpful for more accurate modeling predictions.
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General Conclusions
This research was focused on operation and theoretical modeling of electrodialysis (ED)
desalination of real multicomponent brackish water based on multi-component solutions. The
significance of this work was to advance modeling tools for the desalination industry that can be
applied to specific water quality and membrane properties. The developed electrical conductivity
model is generally applicable to a wide range of salinity, and the developed steady-state
electrodialysis model is customizable based on different characteristics of desalination process
such as water quality, membrane properties, stack dimensions, flow velocities, and applied voltage.
The electrodialysis model was validated with several experiments with a real brackish water feed
source to show the capabilities and accuracy of the developed model. Not only does this model
provide a more thorough and realistic understanding of the ED process, but this also enables other
researchers to have an accurate estimation of the system performance based on the properties of
their system and source feed water.
Future development of this model is expected to have promising results as the model is
validated for a wide range of multi-component solutions and other membranes and spacers. The
future studies can use the same developed modeling platform to test the effects of various water
quality parameters and feed sources (e.g., more concentrated solution such as RO reject) to predict
the performance of the ED process. Adding membrane selectivity capabilities to the model based
on transport numbers will further improve the robustness and general applicability of the model.
Finding the optimal tradeoffs between salt removal and energy consumption is possible
using this model, which will generally lead to more affordable produced water. Furthermore,
providing an open source model for researchers as well as operators can help avoid trial and error
efforts in optimization of ED. This is a promising enhancement for water treatment industry to
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make a more accessible pure water for everyone by making a more efficient and competitive
technology.
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Appendix A
Water Ionic Product
The ionic product of water (KW) is production of activities of hydrogen and hydroxide ions.
This parameter is a function of temperature and density of water while the latter is also dependent
on temperature. It is equal to 10-14 for water at 25°C. However, in order to compute it more
precisely for a wide range of temperatures, the Equation B.1 has been used [60]:
𝑙𝑜𝑔10 𝐾𝑤∗ = 𝑐1 +

Equation B.1
Where 𝐾𝑤∗ =

𝐾𝑤
𝑚𝑜𝑙
(
)
𝑘𝑔

∗
, and 𝜌𝑤
=

𝜌𝑤

𝑔
)
𝑐𝑚3

(

𝑐2
𝑇

𝑐

𝑐

+ 𝑇32 + 𝑇43 + (𝑐5 +

𝑐6
𝑇

𝑐

∗
+ 𝑇72) × 𝑙𝑜𝑔10 𝜌𝑤

, to make water ionic product and density normalized

by their units. The parameters in Equation B are:
𝑐1 = −4.098, 𝑐2 = −3245.2K, 𝑐3 = 2.2362 × 105 K 2 , 𝑐4 = −3.984 × 107 K 3, 𝑐5 = 13.957,
𝑐6 = 1262.3K, 𝑐7 = 8.5641 × 105 K 5 , T= Temperature (K) [60]
𝑔

To calculate the density of water 𝜌𝑤 (𝑐𝑚3 ), the Equation B.2 which is obtained from
empirical experiences for pure water has been used [61]:
Equation B.2

𝜌𝑤 (𝑇) = 0.99985 + 6.32693 × 10−5 𝑇 −

8.52829 × 10−6 𝑇 2 + 6.94325 × 10−8 𝑇 3 − 3.82122 × 10−7 𝑇 4
As shown in Figure B, the interpolation of water density for temperatures between 0 to 100
°C has a R2=0.999 (CRC).
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Figure B.1: Interpolation of water density as a function of temperature [62]
Where 𝑡 is temperature (°C). The precision of the interpolated water density is in the order
of 0.1% for temperatures in the range of 0 to 60ºC.
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